BCJ, worldsheet quantum algebra and KZ equations by Fu, Chih-Hao & Wang, Yihong
PREPARED FOR SUBMISSION TO JHEP
BCJ, worldsheet quantum algebra and KZ equations
Chih-Hao Fu푎 , Yihong Wang푏
푎 School of Physics and Information Technology, Shaanxi Normal University,
No.620 West Chang’an Avenue, Xi’an 710119, P.R. China.
푏Department of Physics, National Taiwan University,
No.1 Sec.4 Roosevelt Road Taipei 10617,Taiwan (R.O.C.).
E-mail: chihhaofu@snnu.edu.cn, yihongwang@phys.ntu.edu.tw
ABSTRACT: We exploit the correspondence between twisted homology and quantum group to construct an algebra
explanation of the open string kinematic numerator. In this setting the representation depends on string modes, and
therefore the cohomology content of the numerator, as well as the location of the punctures. We show that quantum
group root system thus identified helps determine the Casimir appears in the Knizhnik-Zamolodchikov connection,
which can be used to relate representations associated with different puncture locations.
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1 Introduction
Ever since its discovery by Bern, Carrasco and Johansson (BCJ) in [1, 2], the notion of colour-kinematics duality
has been playing a prominent role in improving practical calculation efficiency as well as providing insights into
understanding gravity and gauge theory amplitudes, in the sense that the trivalent graph setting of duality drastically
reduces the number of independent factors taken into account at loop level [2–25], and that its symmetry structure
has proved advantageous when analysing noval formulations [26–29] and various theories [12, 17, 30–41]. For more
details we refer the readers to a recent review [42] and references therein. The BCJ duality itself has an interesting
understanding from stringmonodromy relations [43–46], which incidentallywas known as the Plahte identities [47] in
earlier literature. In recent years we havewitnessed a series of exciting development unfolded from string perspectives
[15, 48–56], in particular it was shown by Casali, Mizera and Tourkine [55] that the monodromy relations can be
naturally described in terms of twisted homology 퐻푚(푛,푚(푧),Φ휅) defined on a uni-valued branch of the Koba-
Nielsen factor Φ휅 . From this viewpoint the number of independent integrands can be determined from the topology
of the worldsheet, and the monodromy relations generalises to generic particle insertions for arbitrary genus.
Incidentally, twisted homology groups 퐻푚(푛,푚(푧),Φ휅) are known to the quantum groups community to be
isomorphic to tensor representations of the quantum universal enveloping algebras (QUEA) 푈푞(푔) [57]. Indeed,
suppose if we denote a 1-chain on the 푛-punctured plane as 푤푖 ∈ ℂ ⋅ (퓁푖, 푝0) (Fig 1), properly normalised so that
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Figure 1. A 1-chain on the 푛-punctured plane
it is mapped by differential to the 0-form 푤0 as 푑1 ∶ 푤푖 ↦ [푘0 ⋅ 푝푖]푞 푒2휋푖(−
∑
푗<푖 푘0⋅푝푗+
∑
푗>푖 푘0⋅푝푗 )푤0, the homology
requirement for a 1-cycle
퐻1 =
{
푐1푤1 +⋯ + 푐푛푤푛
||| 푛∑
푖=1
[푘0 ⋅ 푝푖]푞 푒
2휋푖(−
∑
푗<푖 푘0⋅푝푗+
∑
푗>푖 푘0⋅푝푗 ) 푐푖 = 0
}
(1.1)
yields exactly the same coefficients 푐푖 as the highest weight vector 푣 expanded by the tensors 푣푝1⋯⊗푒푘0푣푝푖⊗⋯⊗푣푝푛 .
Namely, the requirement that 푓푘0푣 = 0 shows that
푣 =
푛∑
푖=1
푐푖 푣푝1⋯⊗ 푒푘0푣푝푖 ⊗⋯⊗ 푣푝푛
||| 푛∑
푖=1
[푘0 ⋅ 푝푖]푞 푒
2휋푖(−
∑
푗<푖 푘0⋅푝푗+
∑
푗>푖 푘0⋅푝푗 ) 푐푖 = 0. (1.2)
In the correspondence described above, adding a 1-chain푤푖 is related to the action of the algebra generator 푒푘0 on the
푖-th site. In particular if we permute the location of any pair of the punctures, while keeping the 1-chains continuously
deformed in the process, the result is equivalent to the action of a universal 푅-matrix. The above identification is
known to generalise to higher homology group퐻푚 [58].
In light of the above relation between twisted homology and quantum groups we feel that perhaps it would be
interesting to explore an alternative narrative. In this paper we start with a more algebraic setting for the monodromy
story. We show that both (푛 − 2)! and (푛 − 3)! basis BCJ numerators are expressible respectively as bilinear form
and quantum Clebsch-Gordan coefficient raised or lowered by the action of screening vertex operators, which are
contour representations of the QUEA 푈푞(푔), with its root system determined from external leg momenta. In this
setting standard Hopf algebra operations can be understood as contour manipulations on the screening operators.
When taking the infinite string tension limit 훼′ → 0 the algebra reduces to the undeformed Lie algebra 푔 (or more
generically a Kac-Moody algebra) defined by the same set of roots. Both the bilinear form and the quantum Clebsch-
Gordan interpretation of the numerators will depend on the representation modules, whose roles are played by the
vertex operators fixed at specific locations by푆퐿(2,ℝ) invariance. Modules located at different 푧푖’s will be related by
the Knizhnik-Zamolodchikov (KZ) connection. We show that the root system inherited from the screening operator
picture helps determine the Casimir of the KZ equation [59]. From KZ solutions associated with various tensor
modules one can reconstruct 푍-amplitudes and open string numerators, and we feel this part of the story serves as
an algebra-oriented supplement to the recent development on 푍-theory and KZ [60].
We organise this paper as the following. In section 2 we briefly review two slightly different versions of the
screening operators relevant to the discussion. In section 3 we explain BCJ numerators using the newly introduced
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(a) (b)
Figure 2. Integration contour of the screening.
settings. Section 4 begins with a very quick review of the KZ equation with emphasis on its algebra contents followed
by a discussion on 푍-theory amplitudes and KZ coefficients in section 4.2. We conclude our paper in section 5 .
2 Preliminaries
2.1 (i) C-shaped contour screening operators
Suppose if we denote the open string Hilbert space as , the vertex operators are algebra valued distributions  ∈
퐸푛푑()[[휏, 휏−1]] satisfying the state-field correspondence principle. For the purpose of discussion let us for the
moment focus on bosonic open strings, so that a typical vertex operator takes the explicit form
푉푝(푧) = 푢 푒푖푝⋅푋(푧), 푢 ∈ {1, 휖 ⋅ 휕푋, (휖 ⋅ 휕푋)2, …}, (2.1)
with 푧 = 푒푖휏 . A screening operator 퐸푖 ∈ 퐸푛푑() associated with any vertex operator 푆푖(푡) = 푢 푒푖푘푖⋅푋(푡) of interest is
defined as the following integral over the C-shaped contour along both sides of the branch cut [61, 62].
퐸푖 푉푝(푧) ∶= ∫퐶 푑푡 푉푝(푧)푆푖(푡). (2.2)
= ∫퐶 푑푡 (푧 − 푡)
훼′푝⋅푘푖푓 (푡) ∶ 푉푝(푧)푆푖(푡) ∶
In this paper we follow the same conventions as in [63] and [64]. Variables appear on the left are assumed to start
with a larger value on the real line than those on the right, correspondingly shifted by a larger 푖휖 on the complex plane,
and then analytically continued to their designated values. Note however that in terms of figures, conventionally the
real line points to the right instead of left, so that everything illustrated in figures will be the mirror image to what
appears in the equation. For example the action of 퐸푖 is represented by Fig. 2(a). The analytic continuation we use
here leads to the following braiding relations for 푧1 > 푧2.
푆푖(푧1)푆푗(푧2) = 푒푖휋훼
′푘푖⋅푘푗 푆푗(푧2)푆푖(푧1) (2.3)
푆푖(푧1)푉푝(푧2) = 푒푖휋훼
′푘푖⋅푝 푉푝(푧2)푆푖(푧1). (2.4)
In the presence of successive actions, the contour associated with operator that comes later is defined so as to surround
the pre-existing contours (Fig. 2(b)).
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Figure 3. Contour decomposition of the coproduct Δ퐸푖.
The action of an operator 퐹푖 is defined to annihilate the contour integral created by 퐸푖 using the conformal
property of vertex operator that reduces an integral to its boundaries, [퐿−1, ∫퐶 푑푡 푆푖(푡)] = ∫퐶 푑푡 휕푆푖(푡). Explicitly
this is defined to carry a normalisation factor so that
푆푖(1)퐹푖
(
…퐸푖…푉푝(푧)
)
∶= 1
푒푖휋훼′푘2푖 − 푒−푖휋훼′푘2푖
(
푉푝(푧)… [퐿−1,∫퐶 푑푡 푆푖(푡)]…
)
(2.5)
= 푒
푖휋훼′푘푖⋅푝 − 푒−푖휋훼′푘푖⋅푝
푒푖휋훼′푘2푖 − 푒−푖휋훼′푘2푖
푆푖(1)
(
……푉푝(푧)
)
.
The screenings thus defined together with the fixed point vertex operator 푉푝(푧), which serves as the highest weight
Verma module, provides a representation of the QUEA 푈푞(푔) [65–68],
퐸푖퐹푗 − 퐹푗퐸푖 = 훿푖 푗
퐾푖 −퐾−1푖
푞푖 − 푞−1푖
(2.6)
퐾푖퐸푗 = 푒푖휋훼
′푘푖⋅푘푗퐸푗퐾푖 (2.7)
퐾푖퐹푗 = 푒−푖휋훼
′푘푖⋅푘푗퐹푗퐾푖 (2.8)
퐾푖퐾푗 = 퐾푗퐾푖 (2.9)
where 푞푖 ∶= 푒푖휋훼′푘2푖 and퐾푖 is the operator that measures momentum, or charge in the original settings [61, 62, 69], so
that 퐸푖’s and 퐹푖’s were supposed to lower or raise the background charge produced by the module, hence the name
screenings.
퐾푖 ∶= 푒푥푝 − ∮ 푘푖 ⋅ 휕휙 (2.10)
A natural representation for tensor of modules 푣푝 ⊗ 푣푠 can be obtained by simply taking the product of vertex
operator at distinct fixed points 푉푝(푧1)푉푠(푧2). The coproduct of a screening Δ(퐸푖) is then defined by the correspond-
ing action on this product followed by integration over a contour that surrounds both vertices (Fig. 3), which in
turn can be translated into the actions on individual modules by breaking the original contour into two smaller ones
surrounding each modules and then swap the ordering using braiding relation (2.4).
Δ퐸푖
(
푉푝(푧1)푉푠(푧2)
)
= ∫퐶 푑푡 푉푝(푧1)푉푠(푧2)푆푖(푡) (2.11)
= 푉푝(푧1)
[
∫퐶 푑푡 푉푠(푧2)푆푖(푡)
]
+ 푒−푖휋푘푖⋅훽
[
∫퐶 푑푡 푉푝(푧1)푆푖(푡)
]
푉푠(푧2).
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Figure 4. Braiding effect of the 푅 matrix
The above result is the same as the following tensors of screenings
Δ퐸푖 = 1⊗퐸푖 + 퐸푖 ⊗퐾푖, (2.12)
as was expected for a quantum group. The action of antipode and counit are represented by reversing and removing
the contour of a screening respectively.
2.1.1 The 푅-matrix
In the screening representation of quantum groups the universal 푅-matrix is defined as the composition of a plain
permutation 휎 that swaps modules along with their screenings, together with the application of braiding relations
(2.3) and (2.4) that eventually restores modules back to their original order.
푣푝 ⊗ 푣푠
휎
←←←→ 푣푠 ⊗ 푣푝
ℜ
←←←←→ 푣푝 ⊗ 푣푠 (2.13)
Explicitly 휎 maps for example 푉푝(푧1)
(
퐸푖푉푠(푧2)
) to (퐸푖푉푠(푧2))푉푝(푧1) as is illustrated in Fig. 4. The result can be re-
expressed as integrals over segments 푡 > 푧1 > 푧2 and 푧1 > 푡 > 푧2, which in turn can be spanned by 푉푝(푧1)
(
퐸푖푉푠(푧2)
)
and (퐸푖푉푝(푧1))푉푠(푧2) once braiding relations were used.
푉푝(푧1)
(
퐸푖푉푠(푧2)
)
⟼푒−푖휋훼′푝⋅푘1(푒푖휋훼′푠⋅푘1 − 푒−푖휋훼′푠⋅푘1)∫푡>푧1>푧2 푆푖(푡)푉푝(푧1)푉푠(푧2) (2.14)
+ (푒푖휋훼′푠⋅푘1 − 푒−푖휋훼′푠⋅푘1)∫푧1>푡>푧2 푉푝(푧1)푆푖(푡)푉푠(푧2)
=푉푝(푧1)
(
퐸푖푉푠(푧2)
)
+ (푒−푖휋훼′푠⋅푘1 − 푒푖휋훼′푠⋅푘1)
(
퐸푖푉푝(푧1)
)
푉푠(푧2)
The above effect is the same as the action that successively removes screenings from one of the modules within the
tensor product and then reapply them onto the other1.
푅 ∼ 1⊗ 1 + (푞푖 − 푞−1푖 )퐸푖 ⊗ 퐹푖 +… (2.15)
Generically the complete formula for 푅 can be derived term by term following similar reasoning [70, 71]. Quasi-
triangular condition 푅Δ(퐸푖) = Δ′(퐸푖)푅 can be seen from the fact that 푅 has no effect on a screening as long as it
encompasses both modules (Fig. 5). In particular that Yang-Baxter equation 푅12푅13푅23 = 푅23푅13푅12 is indeed
satisfied can be seen from the fact that 푅 derives from braiding.
1For simplicity we have neglected here the braiding factor produced by swapping modules, which will result in an overall 푒퐻푖⊗퐻푖2 in the
푅-matrix
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Figure 5. Universal 푅-matrix acting on a coproduct
2.2 (ii) Line interval screenings
An alternative version of the screening operator [72] that turns out to be also relevant to our BCJ problem is defined
as the line integral over a fixed interval along the real line, for example over [0, 1],
퐸푖 푉훼(푧) ∶= ∫
1
0
푑푡 푉훼(푧)푆푖(푡), (2.16)
whereas the charge operator is defined by the same closed integral as before (2.10). In the case of line interval
screenings it is sometimes convenient to restrict our considerations to only the positive Borel subalgebra 푈+푞 (푔) =
⊕퐾푖⊕퐸푖 of the full quantum universal enveloping algebra generated by Cartan subalgebra and positive root vectors
but without 퐹푖’s, because the boundary of a line interval is less symmetric than the C-shaped contour, making it
less natural to define the action of 퐹푖 using conformal generator as in (2.5), even though one can simply define it
as manually removing one line screening. As we will see in section 3 that the positive part of the full algebra will
be enough as far as numerators and amplitudes are concerned. In the settings of line screenings tensors of modules
푣푝⊗푣푠 are represented by products of vertex operators 푉푝(푧1)푉푠(푧2) as before. Action of an퐸푖 on individual module
is defined similar to (2.16) but with the integral carried out only to a manually fixed point 푎 between 푧1 and 푧2,
whereas in the coproduct it is carried out over the full segment [0, 1]. The antipode and counit are represented by
reversing and removing the contour respectively as before. More details can be found for example in [72].
For the purpose of discussions it is useful to consider right action of a line screening 푉훼(푧)퐸푖, defined the same
as (2.16) but with the ordering of the two vertex operators swapped. According to our convention this corresponds to
a line integral starting with a point 푡2 on the real line that is larger than 푧, and then analytically continued, so that the
contours associated with left and right actions corresponds to the blue and lilac lines illustrated in Fig. 6 respectively.
From this perspective a C-shaped screening can be identified as the 푞-deformed adjoint action of line screening,
푎푑−푞 (퐸푖) = (푚퐿 ⊗푚푅)◦(푆 ⊗ 1)◦Δ(퐸푖), (2.17)
where 푚퐿 and 푚푅 represent taking the left and right actions respectively and 푆 is the antipode, 푆(퐸푖) = −퐸푖퐾−1푖 .
Explicitly we have
푎푑푞(퐸푖)푉훼(푧) = 푉훼(푧)퐸푖 − 퐸푖퐾−1푖 푉훼(푧)퐾푖
= (−1)푒푖휋훼⋅푘푖
[
∫
1
0
푑푡 푉훼(푧)푆푖(푡) − 푒−푖휋훼⋅푘푖 ∫
1
0
푑푡 푆푖(푡)푉훼(푧)
]
, (2.18)
which is the same as (2.2) up to an overall factor that we will discard through redefinition.
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Figure 6. The integration contours associated with the left and right actions of screening.
3 String BCJ numerators
In a previous paper [73]we showed that the on-shell limit of themultiple C-shaped contour integrals derived originally
from KLT in [64] serves as a natural string theory generalisation of the (푛 − 2)! basis BCJ numerator.
푛(푛−2)!−basis(1, 2, 3,… , 푛) = ∫퐶푖
푛−2∏
푖=2
푑푡푖
⟨
푓 |||푉1(푧1) ⋅ 푉2(푡2)푉3(푡3)…푉푛−1(푡푛−1)|||⟩ (3.1)
Let us also recall that, in addition, the (푛 − 3)! basis numerator was identified in the context of CHY in [75] as the
product of momentum kernel with partial amplitudes,
푛(1, 훾(2), 훾(3),… , 훾(푛 − 1), 푛) =
⎧⎪⎨⎪⎩
∑
훽∈푆푛−3 [훾푇 |훽] ̃푛((1, 훽, 푛, 푛 − 1) , 훾(푛 − 1) = 푛 − 1
0 , 훾(푛 − 1) ≠ 푛 − 1 (3.2)
which in terms of vertex operators can be expressed also as multiple C-shaped contour integrals [64], but with three
of the vertices (푧1, 푧2, 푧푛) fixed instead of two2,
푛(푛−3)!−basis(1, 2, 3,… , 푛) = ∫퐶푖
푛−2∏
푖=2
푑푡푖
⟨|||푉푛(푧푛) ⋅ 푉2(푧2)푉1(푧1) ⋅ 푉3(푡3)…푉푛−1(푡푛−1)|||⟩. (3.3)
Suppose if we focus on the vertex operators in (3.1) and (3.3), ignoring for the moment a common final leg 푉푛(푧푛)
that is frequently pushed to infinity, the multiple C-shaped contour integrals appear in (푛 − 2)! and (푛 − 3)! basis
numerators can be identified as screenings acting on single and tensor modules respectively. Explicitly, for the
(푛 − 3)! basis numerator this is
Δ(퐸푛−1)…Δ(퐸4)Δ(퐸3)푣푘2 ⊗ 푣푘1 . (3.4)
The above settings naturally defines a representation of quantum group 푈푞(푔) with the 퐸3, 퐸4,… , 퐸푛−1 identified as
the simple root vectors. Comparing with the definition of a screening (2.2) and equations (2.6) to (2.8) we see that the
corresponding simple roots are identified with the momenta 푘3, 푘4,… , 푘푛−1 carried by external legs. In the infinite
string tension limit 훼′ → 0, therefore 푞푖 → 1 and the QUEA 푈푞(푔) reduces to the classical Lie (or Kac-Moody)
2For the purpose of illustration we used here the antisymmetry of the numerator and reversed its ordering, 푛(1, 2, ,… , 푛 − 1, 푛) =
(−1)푛−2푛(푛, 푛 − 1,… , 2, 1).
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algebra 푔 with the (symmetrised) Cartan matrix defined by the same roots,
[퐸푖, 퐹푗] = 훿푖 푗퐻푗 (3.5)
[퐻푖, 퐸푗] = (푘푖 ⋅ 푘푗)퐸푗 (3.6)
[퐻푖, 퐹푗] = −(푘푖 ⋅ 푘푗)퐹푗 (3.7)
so that in the field theory limit the BCJ kinematic algebra should be isomorphic to the algebra determined by external
leg momenta.
Starting with 퐸3, 퐸4, … , 퐸푛−1 as building blocks the QUEA thus defined contains non-simple root vectors
generated by 푞-commutators 퐸푘1+푘2 ∼ [퐸2, 퐸1]푞 = 푎푑푞(퐸2)퐸1. These are root vectors in the sense that they satisfy
similar commutation relations (2.7), (2.8) and [퐸훾 , 퐹훾 ] = 퐶훾 [퐻훾 ]푞 up to a noramlisation that depend on its root
훾 . The result of the 푞-commutator can be seen from Fig. 7 to be by itself a screening operator, but with its vertex
operator calculated from the following operator product.
∫퐶2 encompassing 푡1 푑푡2 푒
푖푘1⋅푋(푡1)푒푖푘2⋅푋(푡2)
= 푠푖푛 휋훼′푘1 ⋅ 푘2 ∶ 푒푖(푘1+푘2)⋅푋(푡1)
(
1
푘1 ⋅ 푘2 + 1
+
푘2 ⋅ 휕푋(푡1)
푘1 ⋅ 푘2 + 2
+
1
2!푘2 ⋅ 휕
2푋(푡1)
푘1 ⋅ 푘2 + 3
+…
)
∶ (3.8)
where we have chosen퐸1, 퐸2 to be tachyons as an example. This process continues generating new root vectors
indefinitely until it is interrupted by quantum Serre relations (푎푑푞(퐸푖))1−(푘푖⋅푘푗 )퐸푗 = 0, which in turn are determined
by roots. For example the result of two consecutive adjoint actions 푎푑푞(퐸3) 푎푑푞(퐸2)퐸1 is to replace the vertex
operator with the following.
∫퐶2,퐶3 푑푡2푑푡3 푆1(푡1)푆2(푡2)푆3(푡3)
= (2푖)2sin휋훼′푘1 ⋅ 푘2
[sin휋훼′푘1 ⋅ 푘3 퐼(푘1, 푘3, 푘2) + sin휋훼′(푘1 + 푘2) ⋅ 푘3 퐼(푘1, 푘2, 푘3)] , (3.9)
where 퐼’s are ordered operator product line integrals,
퐼(푘1, 푘2, 푘3) = ∫푡1<푡2<푡3(푡3 − 푡2)
푘3⋅푘2(푡3 − 푡1)푘3⋅푘1(푡2 − 푡1)푘2⋅푘1 ∶ 푆1(푡1)푆2(푡2)푆3(푡3) ∶ (3.10)
and likewise for the other ordering. When the root system is identical to that of the 푠푙푞(3), suppose if we choose
푘1 = 훽, 푘2 = 푘3 = 훼, we see that (3.9) becomes
푎푑푞(퐸훼)2퐸훽 ∼ sin휋훼′(훽 ⋅ 훼) 퐼(훽, 훼, 훼) + sin휋훼′((훽 + 훼) ⋅ 훼) 퐼(훽, 훼, 훼) (3.11)
which indeed vanishes because for 푠푙(3) the roots satisfy 훼 ⋅ (훼 + 훽) + 훼 ⋅ 훽 = 0, and therefore 푠푖푛 휋훼′((훼 + 훽) ⋅ 훼) =
−푠푖푛 휋훼′(훼 ⋅ 훽). For generic momentum configuration the algebra 푔 is infinite dimensional. To make the algebra
finite one can chose to work with compactified sapcetime such that all momenta live on a rational lattice [76], in this
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Figure 7. Contours associated with the adjoint action
case all 훼′푘푖 ⋅ 푘푗 eventually become integers after being superposed large enough number of times and the overall
sinusoidal factor appears in (3.8) vanishes. Note that the BCJ amplitude relation can be regarded as a special type of
the Serre relations (3.9) even though it eliminates only the root vector that carries zero root constrained by momentum
conservation 푘1+⋯+푘푛 = 0, especially that roots containingmultiple copies of the samemomentum 푛1푘1+푛2푘2+…
remain and the algebra is infinite unless rest of the constraints just described were imposed.
In the settings of string theory asymptotic states provides a natural definition for a bilinear form
(푣푝, 푣푠) ∶=
⟨
−푝 ||| 푠⟩ = lim푧1,푧푛→0,∞ 푧1푧푛
⟨
푉−푝(푧푛)푉푠(푧1)
⟩
(3.12)
that can be used to normalise modules and root vectors. Note in particular from this perspective the (푛 − 3)! basis
numerator can be regarded as a quantum Clebsch-Gordan coefficient. Different choices of vertex operator screenings
in this setting correspond to representations associated with different modes. When the C-shaped contour extends
to infinity the norm of a lowered state, (퐸푘푣푝, 퐸푘푣푝) for example, can be calculated through flipping the contour
surrounding 푧푛 as shown in Fig. 8,
(퐸푘푣푝, 퐸푘푣푠) = −∫퐶1,퐶2 푑푡1 푑푡2
푧1
푧푛
⟨|||푉푝(푧푛)푆푘(푡1)푉푠(푧1)푆푘(푡2)|||⟩. (3.13)
The above result can be expressed as linear combination of ordered line integrals, which in this example are beta
functions. Similar calculation applies to multiply lowered state by 퐸푖’s and to different choices of vertex operator
representations as well. Generically the bilinear form can be similarly defined for arbitrary values of 푧1 and 푧푛,
different choices of bilinear form are related by KZ equations. We leave this part of the discussion to section 4.1.
3.1 Jacobi-like identities
In light of the original idea of BCJ duality it is perhaps more or less expected that the numerator is expressable
as successive adjoint actions that mimics the colour dependence of the amplitude, and indeed it was realised in
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Figure 8. Flipping the contour surrounding 푧푛.
[29, 73, 74] that such structure is accounted for in string theory by deformed brackets. In addition we note that
because the C-shaped screening can be regarded as the 푞-deformed adjoint action of line screenings, the (푛 − 2)!
basis numerator (3.1) can be recast into the following BCJ manifest form.
푛(푛−2)!−basis(1, 2, 3,… , 푛) =
⟨
푓 |||푎푑푞(퐸푛−1)… 푎푑푞(퐸3) 푎푑푞(퐸2)푉1(푡1)|||0⟩, (3.14)
where the 퐸푖’s above are line screenings, and the numerator is therefore the successive adjoint actions of QUEA
determined by external leg momenta. If our only purpose is to explain the BCJ duality originally observed in field
theory amplitudes, it is not strictly necessary to come up with a 푞-deformed analogue of the Jacobi-like identity
satisfied by string numerators. However we do actually have an identity that explains the expected relation at quantum
level,
푎푑푞(퐸푖) 푎푑푞(퐸푗)◦퐸퓁 − 푞푘푖⋅푘푗 푎푑푞(퐸푖) 푎푑푞(퐸푗)◦퐸퓁 = 푎푑푞([퐸푖, 퐸푗]푞)◦퐸퓁. (3.15)
Surprisingly the above identity does not directly come from the perhaps seemingly more natural candidate implied by
the definition of 푞-commutator, [퐸푎, [퐸푏, 퐸푐]푞푏⋅푐 ]푞푎⋅푐 − 푞푎⋅푏[퐸푏, [퐸푎, 퐸푐]푞푎⋅푐 ]푞푏⋅푐 = [[퐸푎, 퐸푏]푞푎⋅푏 , 퐸푐]푞(푎+푏)⋅푐 , as careful
inspection would quickly show that the 푞-deformed factors mismatch, but rather is the consequence of braiding
relations (2.3) and (2.4). The Jacobi-like identity (3.15) can be verified by explicit translating screenings into ordered
line integrals and cancel.
4 Relation to the KZ equations
Recall that the KZ equations [59] is a set of differential equations for Lie algebra (or more generally Kac-Moody
algebra)-module 휙 with coordinate dependence,
휕휙
휕푧푖
= 1
휅
∑
푗≠푖
Ω푖푗
푧푖 − 푧푗
휙. (4.1)
For a Kac-Moody algebra with simple roots {푘푖} and Cartan subalgebra {ℎ푖}, satisfying the following (classical)
commutation relations,
[ℎ푖, 푒푗] = (푘푗)푖 푒푗 , [ℎ푖, 푓푗] = −(푘푗)푖 푓푗 ,
[푒푖, 푓푗] = 훿푖 푗(푘푗)푖 ℎ푖, [ℎ푖, ℎ푗] = 0. (4.2)
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Its Verma module 푉̃Λ is generated by the highest weight module 푣̃Λ, and root vectors 푒푖,
푣̃푛푘푖+Λ = (푒푖)
푛푣̃Λ. (4.3)
The module 휙 that appears in the KZ equation is a map from the space 푈 = {(푧1, 푧2,… , 푧푛) ∈ ℂ푛|푧푖 ≠ 푧푗} to the
space of tensor modules 푉̃Λ1 ⊗ 푉̃Λ2 ⊗⋯⊗ 푉̃Λ푛 . For example when 푛 = 2,
휙0 = 퐼0 푣̃푝1 ⊗ 푣̃푝2 , (4.4)
휙1 = 퐼(1,0) 푒푘푣̃푝1 ⊗ 푣̃푝2 + 퐼(0,1) 푣̃푝1 ⊗ 푒푘푣̃푝2 , (4.5)
⋮
On the other hand the operator Ω in the KZ is the Casimir,
Ω = 푓푖 ⊗ 푒푖 + 푒푖 ⊗ 푓푖 +
∑
푖,푗
ℎ푖 ⊗ ℎ푗 , (4.6)
and Ω푖푗 is understood to act only on the 푖-th and 푗-th site of the tensor. By construction Ω푖푗 commutes with all
coproducts in the algebra, in particular [Ω,Δ(푒푖)] = 0, so that it only mixes tensors with the same overall weights. In
light of this the solutions 휙 can be assorted into top modules, 1-level lowered modules and so on, as was shown by
equations (4.4) and (4.5). Explicitly the coefficient functions are given by
퐼0 = (푧1 − 푧2)푝1⋅푝2 , 퐼(1,0) = ∫훾 푑푡
1
푡 − 푧1
Φ휅 , 퐼(0,1) = ∫훾 푑푡
1
푡 − 푧2
Φ휅 , (4.7)
where Φ휅 =
(
푡 − 푧1
)푘⋅푝1∕휅 (푡 − 푧2)푘⋅푝2∕휅 (푧1 − 푧2)푝1⋅푝2∕휅 and 훾 is any closed contour. Generically the solution cor-
responding to an 푚-level lowered module is given by integrals of 푚-forms Φ휅퐴푚푑푡푖1 ∧ 푑푡푖2⋯ ∧ 푑푡푖푛 over a loop 훾 in
the punctured space.
The settings of KZ has a natural geometry interpretation, where 휙 can be identified as the horizontal section,
푑휙 − Γ휙 = 0, determined by the KZ flat connection Γ = ∑푖,푗 Ω푖푗푧푖−푧푗 (푑푧푖 − 푑푧푗). Indeed if we consider a bundle with
base 푈 and 푉̃Λ1 ⊗ 푉̃Λ2 ⊗⋯⊗ 푉̃Λ푛 as the fibre, starting with 휙(푧01, 푧02,… , 푧0푛) at a specific value of 푧푖’s, the solution
to the KZ equation at generic point 휙(푧′1, 푧′2,… , 푧′푛) can be obtained through the unique lift. The coefficients 퐼푖’s
on the other hand, defines a pairing between the twisted cohomology group 퐻푚(푛,푚(푧),Φ휅) and homology group
퐻푚(푛,푚(푧),Φ휅) on the punctured space3 푛,푚(푧), identified as the 푚-form and the closed contour 훾 respectively.
An 퐼푖 depends only on the (twisted) homology once we have chosen a particular 푚-form, so that when 푧푖’s vary
along a path in the base space the contour 훾 deforms continuously, and the action of the KZ provides a Gauss-Manin
connection on the bundle with base 푈 and twisted homology 퐻푚(푛,푚(푧),Φ휅) as its fibre. In particular when the
end point {푧1, 푧2,… , 푧푛} is a permutation of the starting point (푧01, 푧02,… , 푧0푛), the action of KZ braids 훾 (Fig. 9) and
defines an 푅-matrix on 퐻푚(푛,푚(푧),Φ휅). The twisted homology group is known to be isomorphic to the quantum
group 푈푞(푔) that corresponds to the 푞-deformation of (4.2) [58].
3The integration variables 푡푖’s appear in (4.7) and their higher level generalisations live in the space of discriminantal arrangement 푛,푚(푧)
[78]. When there is only one variable this space is simply the punctured space ℂ − {푧1, 푧2,… , 푧푛}. In the cases of multiple 푡푖’s the integral
generically would contain (푡푖 − 푡푗)푘푖⋅푘푗 and we must impose additionally that 푡푖 ≠ 푡푗 .
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Figure 9. A braiding defined by the Knizhnik-Zamolodchikov connection
4.1 Correlators, bilinear forms and KZ solutions
In this section we temporarily remove all integrals present in an amplitude or BCJ numerators (3.1), (3.3) and focus
exclusively on their correlator
⟨|||푉푝푛(푧푛)…푉푝2(푧2)푉푝1(푧1)|||⟩. When all vertices are tachyons apparently the correlator
is the 0-form coefficient 퐼0 =∏푖,푗(푧푖 − 푧푗)훼′푘푖⋅푘푗 of the top highest weight module 휙0 = 퐼0 푣푝푛 ⊗⋯⊗푣푝2 ⊗푣푝1 and
the KZ equations (4.1) in this case translate to the differential equations of 퐼0, whereas the action of Casimir Ω푖푗 can
be read off directly from the module, giving
휕
휕푧푖
퐼0 =
1
휅
∑
푗≠푖
푝푖 ⋅ 푝푗
푧푖 − 푧푗
퐼0. (4.8)
(Assuming that we identify 훼′ = 1∕휅.) Starting with 휙0(푧01, 푧02,… , 푧0푛) at a specific set of 푧푖’s the KZ connec-
tion uniquely determines the value 휙(푧′1, 푧′2,… , 푧′푛) through parallel transport, and therefore 퐼0(푧′1, 푧′2,… , 푧′푛) at any
set of 푧푖’s. Especially when the number of punctures 푛 is restricted to 2 we see the bilinear form
⟨
푣푝, 푣푠
⟩
∶=⟨
푉−푝(푧2)푉푠(푧1)
⟩
for all (푧1, 푧2) including the asymptotics (0,∞) are related to each other in the same manner.
In the case where one gluon is present, suppose instead of direct substitution with a gluon vertex operator
푉 gluon푝1 (푧1) = 휖 ⋅ 푋̇푒
푖푝1⋅푋(푧1) we choose to represent gluon by the Del Giudice-Di Vecchia-Fubini (DDF) constructed
vertex [81],
푉 gluon푝1 (푧1) = ∫퓁1 푑푡 푒
푖푝0⋅푋(푧1)푆푘0(푡), (4.9)
where 푆푘0(푡) = 휖 ⋅ 푋̇푒푖푘0⋅푋(푡). The polarisation is taken to be in the orthogonal direction 휖 ⋅ 푝0 = 0, and 푝0 + 푘0 = 푝1
is the original gluon momentum. Note the settings of DDF demands 훼′푝0 ⋅ 푘0 = −1 so that equation (4.9) can be
regarded as a special case of the screening 퐸푘표 acting on a module 푉푝0(푧1), where we can safely close the contour on
the same sheet to form a closed loop 퓁1 around 푧1 (the same contour 퓁1 as was shown earlier in Fig. 1). From this
perspective the one gluon correlator is the pairing of the cycle 퓁1 with a 1-form derived from OPE, which in turn can
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be easily identified term by term with the 1-forms generated by KZ coefficients 퐼(0,…,1,…,0) = ∫퓁1 푑푡 1푡−푧푖Φ휅 .⟨|||푉푝푛(푧푛)…푉푝2(푧2)(퐸푘0푉푝0(푧1)) |||⟩ = 푛∑
푖=2
휖 ⋅ 푝푖 퐼(0,…,1,…,0)
푖-th entry
, (4.10)
In light of the 1-level lowered KZ solution is given by the following sum of tensor modules,
휙1 =퐼(1,0,…,0) 푒푘0 푣̃푝0 ⊗ 푣̃푝2 ⊗⋯⊗ 푣̃푝푛 + 퐼(0,1,…,0) 푣̃푝0 ⊗ 푒푘0 푣̃푝2 ⊗⋯⊗ 푣̃푝푛 +…
+ 퐼(0,0,…,1) 푣̃푝0 ⊗ 푣̃푝2 ⊗⋯⊗ 푒푘0 푣̃푝푛 , (4.11)
the one gluon correlator can be expressed as 휙1 projected onto a dual vector 0푤(1,0,…,0) + 휖 ⋅ 푝2푤(0,1,…,0) +⋯ +
휖 ⋅ 푝푛푤(0,…,0,1). The action of Casimir Ω푖푗 can be again read off directly from the module, yielding a slightly more
complicated set of differential equations that relates correlators at different 푧푖’s. As a quick consistency check of the
relations just described, recall that in the zero string tension limit 훼′ →∞, the correlator should only have support on
the Gross-Mende saddle points [83]. Suppose if we fix the values of (푝0, 푝2,… , 푝푛) while maintaining the condition
훼′푝0 ⋅ 푘0 = −1, so that 푘0 ∼ 1∕훼′ → 0 and the action of root vector 푒푘0 on modules becomes negligible, the KZ
equations of 휙1 implies
휕
휕푧푖
⟨
푉푝푛(푧푛)…푉푝2(푧2)푉
gluon
푝1
(푧1)
⟩
= 1
휅
∑
푗≠푖
푝푖 ⋅ 푝푗
푧푖 − 푧푗
⟨
푉푝푛(푧푛)…푉푝2(푧2)푉
gluon
푝1
(푧1)
⟩
, (4.12)
therefore we see that scattering equations indeed must be satisfied if the 푧푖’s are to localise. It is straightforward
to generalise the above reasoning to incorporate more higher modes in the string spectrum, for example an 푛-gluon
correlator is given by the pairing of an 푛-cycle with the 푛-form derived from the OPE, whereas the 푛-cycle, when
visualised on the punctured plane, is given by the 푛 independent closed loops 퓁1,… , 퓁푛 surrounding each puncture
푧푖. The corresponding 푛-form, on the other hand, can be spanned by the 푛-forms generated by KZ coefficients through
straightforward term by term identifications.
4.2 KZ solutions and Z-amplitudes
We return to amplitudes and numerators. In the previous section we directly identified the KZ coefficients needed to
span a correlator. Generically a correspondence is known as the Drinfeld-Kohno theorem [79, 80] which identifies
given quntum algebra푈푞(푔) behaviour with themonodromy of휙’s, which lives in the representation space of classical
Kac-Moody algebra 푔 with the same roots as 푈푞(푔). In view of the discussions in section 3 we see that an 푆퐿(2,ℝ)
fixed 푛-point amplitude or numerator is described by the QUEA with simple roots {푘2, 푘3, ..., 푘푛−2} read off from
its external legs as in (3.4), it is therefore natural to look for KZ coefficients in the ∑푛−2푖=2 푘푖- weight lowered level
subspace of the classical tensor module 푉̃푘1 ⊗ 푉̃푘푛−1 .
For example at four points, suppose if we fix (푧1, 푧3, 푧4) at two arbitrary points and infinity respectively, the
associated algebra is then given by (4.2) with only one simple root 푘2. The KZ equation is solved on the maps from
(푧1, 푧3) ∈
{
ℂ2|||푧1 ≠ 푧3} to vectors in 푉̃푘1 ⊗ 푉̃푘3 , which has the following form.
휙4 = 퐼({푘2},∅) 푒푘2 푣̃푘1 ⊗ 푣̃푘3 + 퐼(∅,{푘2}) 푣̃푘1 ⊗ 푒푘2 푣̃푘3 . (4.13)
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Here we denote the coefficients as 퐼({푘2},∅) to emphasise generically they should be labeled by an ordered set that
clarifies in which order the root vector 푒푘푖’s are applied to the corresponding tensor vector. In terms of this notation
the solution to the KZ equations is given by the following.
퐼({푘2},∅) = ∫훾 푑푡
1
푡 − 푧1
Φ휅,, 퐼(∅,{푘2}) = ∫훾 푑푡
1
푡 − 푧2
Φ휅 , (4.14)
where
Φ휅 =
(
푡 − 푧1
)푘2⋅푘1∕휅 (푧3 − 푡)푘3⋅푘2∕휅 (푧3 − 푧1)푘1⋅푘2∕휅 , (4.15)
and 훾 is any closed contour, for example the Pochammer encircling 푧1 and 푧3. A 푍-theory amplitude 퐴푃 (1, 2, 3, 4)
[28, 29, 77] for example is known to be expressible (up to proportionality factors produced when translating between
ordered integrals and Pochammer) as the linear combination 퐼({푘2},∅) − 퐼(∅,{푘2}) and therefore satisfies the KZ equa-
tions, in the sense that it can be expressed as scalar product of 휙4 and a 푧푖 independent dual module, assuming the
orthonormal duals to the two basis tensor vectors in (4.5) are 푤({푘2},∅) and 푤(∅,{푘2}).
퐴푃 (1, 2, 3, 4) = (푤({푘2},∅) −푤(∅,{푘2}), 휙4) = ∫훾푃 푑푡
푧3 − 푧1
푡 − 푧1
1
푧3 − 푡
Φ휅,{훼1}. (4.16)
Similarly for the 5-point Z-amplitude, the algebra contains two simple roots 푘2 and 푘3, and the target space of KZ
equation is the∑3푖=2 푘푖-lowered level of 푉̃푘1 ⊗ 푉̃푘4 . (Namely, the weight∑4푖=1 푘푖 subspace.)
휙5 = 퐼({푘2,푘3},∅)푒푘2푒푘3푣푘1 ⊗ 푣푘4 + 퐼({푘2},{푘3})푒푘2푣푘1 ⊗ 푒푘3푣푘3
+ 퐼(∅,{푘2푘3})푣푘1 ⊗ 푒푘2푒푘3푣푘4 + (푘2⟷ 푘3). (4.17)
The solution for the first three 퐼’s takes the following form.
퐼({푘2,푘3},∅) = ∫훾 푑푡2푑푡3
1
푡2 − 푡3
1
푡3 − 푧1
Φ휅 , (4.18)
퐼({푘2},{푘3}) = ∫훾 푑푡3푑푡3
1
푡2 − 푧1
1
푡3 − 푧4
Φ휅 , (4.19)
퐼(∅,{푘2,푘3}) = ∫훾 푑푡2푑푡3
1
푡2 − 푡3
1
푡3 − 푧4
Φ휅 , (4.20)
with the Koba-Nielsen factor Φ휅 given by
Φ휅 =
(
푧4 − 푧1
)푘1⋅푘4∕휅 (푡3 − 푡2)푘2⋅푘3∕휅 ∏
푖=2,3
(
푡푖 − 푧1
)푘푖⋅푘1∕휅 (푧4 − 푡푖)푘푖⋅푘4∕휅 . (4.21)
The rest three coefficients can be obtained by permutations of 푡2 and 푡3. Note that the solution 휙5 explicitly depend
on the homology class of the integration domain. For this reason we shall write the coefficients 퐼 and 휙5 as a function
of the homology class [훾] of 훾 .
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Similarly to the 4-point case, the 푍-amplitude at 5 points can be written as (signed) sum of the KZ coefficients
퐼’s, for example,
퐴푃 (1, 2, 3, 4, 5) = 퐼{3,2},∅
([
훾푃
])
− 퐼{2},{3}
([
훾푃
])
+ 퐼∅,{2,3}
([
훾푃
]) (4.22)
where the integration domain 훾푃 is the 2-dimension generalization of the Pochammer contour, which is a 2-cycle
in 2,2(푧) =
{
푡 ∈ ℂ2|||푡2, 푡3 ≠ 푧1, 푧4, 푡2 ≠ 푡3} that can be identify with the integration domains correspond to therelative order 푃 [2, 3]: 푧1 ≤ 푡2 ≤ 푡3 ≤ 푧4 for 푃 [2, 3] = {2, 3}, and 푧1 ≤ 푡3 ≤ 푡2 ≤ 푧4 for 푃 [2, 3] = {3, 2}. Therefore
the 푍-theory amplitudes 퐴푃 (1, 푄 {2, 3} , 4, 5) can be constructed from 휙5 in the following way.
퐴푃 (1, 푄 {2, 3} , 4, 5) = (푤푄{2,3}, 휙5
([
훾푃 {2,3}
])
) (4.23)
where the two dual vectors read
푤{2,3} = 푤{3,2},∅ −푤{2},{3} +푤∅,{2,3} (4.24)
and
푤{3,2} = 푤{2,3},∅ −푤{3},{2} +푤∅,{3,2}. (4.25)
Notably, the KZ equation was introduced earlier to the study of string amplitudes by Broedel, Schlotterer, Stieberger
and Terasoma in [60] to construct the Drinfeld associator that relates higher point 푍-integrals to lower point ones.
(See also [53, 84, 85].) The KZ equation used in [60] is a nomalised version of KZ equation from Kac-Moody
algebra with simple roots {푘2, 푘3, ..., 푘푛−2} solving for 휙 on the weigh-∑푛−2푖=2 푘푖 lowered submodule a tri-tensor space
푉̃푘1 ⊗ 푉̃푘0 ⊗ 푉̃푘푛−1 with coordinates
(
푧1, 푧0, 푧푛−1
).
휕
휕푧0
휙 =
(Ω1,0
푧0
+
Ω0,푛−1
푧0 − 푧푛−1
)
휙 (4.26)
matrix representation of (4.26) acting on 푍-integrals can be used to build the Drinfeld associator. And the specific
form of matrices used in [60] can be achieved by suitable linear transformations.
5 Conclusions
In this paper we showed, with the help of screening vertex operators, that the string generalisation of the BCJ nu-
merators previously derived in [64, 73] have a natural quantum group explanation. The associated algebra structure
depends on the specific root system, which in turn is entirely defined by external leg momenta. The definition of
a screening involves a string vertex operator followed by a contour integration. For this setting to be interpreted as
a representation of the quantum group, a screening operator only needs to create a 1-chain on the punctured plane
ℂ − {푧1, 푧2,… , 푧푛} while various choices for the vertex operator in the string spectrum leads to different cohomol-
ogy contents and corresponds to different representations. Generically the representation depends on string modes
as well as on the exact location 푧푖 of the modules. We showed that modules built from the same string modes (and
therefore lead to the same cohomology structures) but located at different 푧푖’s are related to each other by the flat
KZ connection. From this perspective the action of a universal 푅-matrix has a explicit graphical interpretation as
the braiding of two punctures. In other words, quantum algebraic structure of string amplitude can be represented by
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sections of a local system over configuration spaces of 푧푖s, with modules of the kinematic algebra as its fibre and KZ
connection as its flat connection. This local system can be isomorphically mapped to the local system used in dis-
cussing twisted homology for string amplitude, with each element in the module mapped to a class of twisted forms
and the KZ connection mapped to the Gauss-Manin connection. In fact this identification is known to the quantum
groups community as part of the complex of isomorphic algebraic structures build from a discirminantal hyperplane
arrangement including Orlik-Solomon algebra, flag complex, twisted homology and cohomology, and representation
of Kac-Moody algebra. It would be interesting to see if such complex of isomorphisms can be respectively trans-
lated to the interplay between different formalisms of amplitude such as twistor formalism, cluster algebra, positive
geometry and string scattering form, and the algebra of screening operators.
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